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Dark solitons in weakly saturable nonlinear media
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Exact explicit analytical solutions of darigray and black solitons to the quintic nonlinear Schitinger
equation that includes the first high order nonlinear saturable term are presented. The dark solitons in the
weakly saturable self-defocusing media are shown to be stable to a small pertutbatioallision typé and,
as in the case of a Kerr nonlinearity, the two black solitons launched in parallel repel with propagation
distance. However, when the two dark solitons are launched towards each other in tilted angles heading for a
collision, the solitons in the saturable nonlinear media could not survive through a collision above a critical
background intensityalthough they survive below that critical intensity valu€his is in contrast to the Kerr
law nonlinearity.[S1063-651X96)00812-4

PACS numbdrs): 42.81.Dp

The propagation of a soliton in an optical fiber or in a The quintic nonlinear Schdinger equation governing a
uniform nonlinear medium is governed by the nonlinearpulse or wave evolution in an optical fiber operating in the
Schralinger equation. For Kerr law nonlinearity, this gov- normal dispersion regime or in a self-defocusing uniform
erning equation of the cubic nonlinear Soirger equation  Medium for weakly saturable nonlinearity can be written in a
is completely integrable and its soliton solutions could bedimensionless form
derived by the inverse scattering metHdeP]. In most non-
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linear media, there usually exists a certain amount of nonlin- . ou 10%u 2 4

i | | |56 5 gy HlulPu=ngultu=o, ®
ear saturatiof3—7]. In solid state materials, such as an op- 9E 29T
tical fiber, the nonlinear saturation involved is weak. A pulse
or wave evolution in such weakly saturable nonlinear medigyhere in the context of a pul§€] u is the normalized en-
can well be described by the quintic nonlinear Scimger  yelope function of the electrical field} is the normalized
equation where the first higher order nonlinear saturatioRime related to the real timeby T= (t—z/v,)/t, with v, the
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term is included to account for the effd@t—14]. With inclu- group velocity, and, a measurement of the pulse widghis

sion of this nonlinear Saturation, the |ntegrab|l|ty of the Sys-the normalized distance an“i>o measures nonlinear satu-
tem is then lost and the governing model of the nonlinearation.

Schralinger equation becomes nonintegrable, in the sense of Tq derive solutions of Eq(1), we write u(T,&) in the

the inverse scattering transforfrh]. _ form of u(T,&=o(T— né)exdid(T—5d)+iBE which

Although being nonintegrable, we will show that there ynon sybstitution into Eq(1) leads to the two coupled equa-
exist the exact analytical dal(black and graysoliton solu-  tions governing the real variables'?) and #(7) with =T
tions to the quintic nonlinear Schdimger equation which _ né

explicitly reveal the effect of nonlinear saturation on the

propagation of the dark solitons in a practical nonlinear me- 70’ 02— Bo?— o ald+ o' 28+ (0 0) 22+ 03=0
dium. This is in contrast to highly saturable nonlinearities ' (2a)
where the exact soliton solutions to nonlinear Sdimger
equations require a numerical approddb—17. Further-
more, the dark solitons in the presence of the weak nonlinear
saturation are found to be stable to sniabncollision type i - L ,
perturbations and the two black solitons launched in parallef’here the prime indicates derivative with respectrion

will repel with propagation distance, similar to those in the 9€neral, the solutions to E¢2) are periodic functions ex-
Kerr law nonlinear mediunii1,18). When a collision is in- pressible in terms of Jacobian elliptical functidri®d. Here,

volved, however, the difference between the Kerr nonlinearV€ are interested in the soliton solutions, which can be de-

ity and the saturable nonlinearity emerges. The two darkived Dy integrating Eq.(2) with boundary conditions
solitons in the weakly saturable nonlinear media, launched if’ (*)=0 anda()=0; to lead to
tilted angles heading for collision, cannot survive through a

collision for the background intensity above a critical value aog

no'+0'c'+6"0=0, (2b)

1/2

although they recover themselves after the collision when the u(T.£)= 1-4ny(o1+0)/3
background intensity is below the critical value. These _
propagation and collision characteristics of the dark solitons Y tani Voou(t—Jooué)—iula
in the saturable nonlinear medium should be useful in pro-
+ J—
viding a guideline for the system design in device applica- \/1 g sechi] ﬁv(t \/O——O’ug)]
tions using dark solitong19—23. Xexgdiog(1—n,400)é], ©)
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W FIG. 2. Demonstration of repelling of the two black solitons in
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tance for(a) n,04=0, (b) n40,=0.2, and(c) ny00=0.4.
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%\W the value 2,0,=1 at which the self-phase modulation or the

induced refractive index change reaches the maximum.

0 V 0 So far as the stationary solutions are concerned, the dark

20 -10 0 10 20 _40 -20 0 20 40 sphtons in weakly saturable nonllnea}r media exhibit quqhta-
X X tively the same characters as those in the Kerr law nonlinear
(c) (a)

media(i.e., no extra soliton solutions are introduced due to
the nonlinear saturationalthough quantitatively they differ
FIG. 1. Demonstration of stat_ale evolution of dark _solitons atjn width, amplitude, and velocity for fixed intensities. Then
N4oo=0.4 for (@ the black soliton and(b) gray soliton of — qq they still share similar characters when stability is in-
(a3/09)™*=0.3, and aina,=0.45 for (c) the black soliton andd) y,51yeq? To address this question, we conduct the stability
gray soliton of (ay/0p) “=0.3 in quintic nonlinear media, where ooy sis on the dark soliton solutions of E8). The stability
X=(0o0) T and {=00¢. analysegemployed in Ref[23] for analyzing the stability of
(3+1)D and(2+1)D dark solitons in the Kerr nonlinearity
applied to the dark soliton solutions of E() reveal that
these dark solitons are stable to small perturbationscol-
lision typg. Some stable evolutions of the dark solitons of
Eq. (3) atn,o,=0.4 and 0.45 from numerical simulations are
illustrated in Fig. 1 where perturbationsu=u— Ugatonary
=0.2J0, sechid\oor(t—1.5)] initially implanted are radi-

where a=[1-2n,(01+200)/3]/[1—2n,(01/3+ 0p)], a3
=ny(oo— 1)/ (2n40¢+2n40,—3/2), o IS the maximum
or background intensity, oy is the minimum
intensity, w=\(o1/0o)[1—2n,(0;+200)/3], and v
=V(1-01/00)[1-2n,(04/3+ o) ] measures the grayness 4raq leading to the stationary propagations.

of gray solitons withe;=0 corresponding to the black soli- It is known that in Kerr law nonlinear media the two

ton ando; =0y to the plane wave solution. These dark soli- 515ck solitons launched in parallel will repidfig. 2(@)]. Our

ton solutions of(3) in the saturable nonlinear media reduce ,,merical simulations show that the two black solitons in the
to their counterpart for the Kerr law nonlinearity derived by gsayraple nonlinear media launched in parallel will repel too

the inverse scattering methétl] when setting1,=0 with no ¢4 | the values of,o, [<0.5, below which the solutions
nonlinegr saturation. For a nonzerp, Eq.(3) indicate; that Eq. (3) exis{l. This is shown in Figs. ®) and Zc) for

the soliton parameters, including th@ormalized width ; —0 2 and 0.4. With increasing,o,, the repelling force
U(JJoov) and velocity (or steering anglel/7=1/(oor)  petween the solitons increases and the separation between
=1No1[1—2n,(01+200)/3], are all dependent on nonlin-  the two solitons with the propagation distance becomes fast
ear saturation. The soliton width 1fgov) increases with for a fixed initial separation, i.e., the two solitons in the
increasingn, and is larger than the corresponding one of thesaturable media separate at a rate faster than their counterpart
Kerr nonlinearity for a fixed minimum intensity;. This  in Kerr nonlinear media. The origin of this increasing force
means nonlinear saturation tends to expand the soliton widtlyf repelling with increasing,o,, for a fixed initial separation
Similarly, the velocity of the gray solitons increases with arises from a widened width with increasingoy. Increas-
increasing saturation and it is larger than that of Kerr lawing in width effectively reduces the ratio of initial separation
nonlinearity as 1/(/0_0,u)= 1N [1—-2n4(01+200)/3] to the soliton width, leading to an augmentation of repelling
>1/\/o. Note here thap?+?#1 in contrast to that in the force which increases with a decreasing ratio of initial sepa-
Kerr law nonlinearity for whichu?+?=1. Also it is clear ration to the soliton width.

from Eg. (3) that the dark soliton solutions exist in the satu- Having discussed the effect of small perturbations on the
rable medium only for intensitiesrg(20y+04)/3<1 below  propagation of the dark solitons, we now consider the stabil-




55 BRIEF REPORTS 1223

¢ 5% 100 %Ll
150
== W
— AN
A 50 Wso
A 75 25
A
ﬂr\
_ﬁiﬁ_‘
R | — 0 — VAo
AT 0 N
sttt Gttt bt -20 -10 0 10 20 -60-40-20 0 20 40 60
-20-10 0 10 20 -20-10 0 10 20 -20-10 O 10 20 X X
X X X (a) (b)
(a) (b) (c)

FIG. 4. Collision of the two black solitons launched in tilted
FIG. 3. Collision of the two black solitons launched in tilted angles heading for collision in fully saturable nonlinear media of
angles heading for collision in quintic nonlinear media whege  EQ. (4), where(a) n,o,=0.3 and(b) nyo=3.
n40'0=0, (b) n40'020.3, and(C) n40'0:O.4.

: . . - . By keeping the first two terms in the expansion, the fully
ity of the dark solitons to bidcollision type perturbations. . . - . .

From numerical experiments we find that the two black soli_saturable nonlln.earlty reduces tq the q}J|nt|c nonllneant.y. For
tons in the saturable nonlinear media, launched in tilted® Smallniop (with o the peak intensity the propagation
angles heading for collision, can emerge through collisiorcharacteristic of the solitons in quintic nonlinear mejdiay.,
when the background intensity is lower thagr,<0.38[see ~ Fig. 3b)] is (nearly identical to that in a fully saturable
Fig. 3(b) for n,0,=0.3). This again is similar to the Kerr law nonlinear medium as shown in Fig(a# for propagation of
nonlinearity as shown in Fig. (8. However, when two solitons in collision ah,o,=0.3. For a largen,oy, a big
n,0,=0.38 the two black solitons, launched in tilted anglesquantitative difference occurs. For example, when
heading for collision, could not survive through a collision n,04>0.38, collision of two solitons in quintic nonlinear me-
[see Fig. &) for n,0y=0.4]. Collision of the two solitons dia leads to radiation. For a fully saturable nonlinear me-
results in radiation. This contrasts with the Kerr law nonlin-dium, the collision of the two solitons also leads to radiation
earity [Fig. 3(@)]. Similar phenomena are observed for grayat a largen,o,, but this does not occur around a critical
solitons. For gray solitons the critical valuegso,, above value. Rather the amount of radiation from collision in-
which collision of the two solitons leads to radiation, vary creases slowly with increasimmyo,. At n,o0=3, the radia-
with o /oy and these critical values are all higher thantion from collision reaches considerable amount as shown in
n400=0.38 for the black soliton. The worst affected case byrig. 4b). These indicate that the propagation and collision
nonlinear saturation is the gray solitons arouqd;/oo  characteristics illustrated in the figures for a weak nonlinear
=0.3, for which the critical value for radiation resulting from satyration are expected in a full saturable nonlinear medium,
collision has the smallest valugoy,=0.47. This implies that although quantitatively different.

gray solitons_ are less affected by n(_)nl_inear saturation than In summary, we present exact explicit analytical solutions
the black soliton. The reason for radiation or recovery after

collision of the two dark solitons above or below a critical of th? dark sghtons o the. qum.t|c nonlinear Sqdjmger
valuen o, results from integrability. With a smail,o, Eq. equation that includes the first higher order nonlinear satu-

(1) is quasi-integrable and thus two solitons could surviverable term. The dark solitons in the weakly saturable self-
through collision. Whenn,o, is greater than the critical defocusing nonlinear media are shown to be stable to a small
value(which is 0.38 for the black solitonthe integrability is  perturbation and as in the case of the Kerr nonlinearity the
completely lost, leading to a breakdown of the soliton propay,q pjack solitons launched in parallel repel with the propa-

gatﬁoer]reaf}[fgﬁgmglgg'mentioned that for a large value gf gation distance. On the other hand, when the two dark soli-
(with a(,,=ma><{IUI2}) the quintic nonlinearity employedoin tons are launched towards each other in tilted angles heading

the analysis becomes less accurate in approximating a fullfer a collision the solitons in the saturable nonlinear media
saturable nonlinearity since higher order saturation termsould not survive through collision above a critical back-
take effect. For example, expanding the fully saturable nonground intensity(although they survive below that critical
linearity |u|%(1+n,|ul*/3)/(1+2n,|u[%/3)*, we have[24] intensity valug. This is in contrast to Kerr law nonlinearity.
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saturable nonlinearity or an exponential saturable nonlinearity
is used as a full saturation model in expansion to be approxi-
mated by the quintic nonlinearity because the dark soliton so-
lutions to the full saturable nonlinearity of E@}) can be ex-
pressed implicitly in elementary function@nd thus it is
somewhat convenient to tackle in numerical calculatipns
whereas those to the other full saturable nonlinearities can only
be expressed in integral form.



