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Dark solitons in weakly saturable nonlinear media
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~Received 15 September 1995; revised manuscript received 16 July 1996!

Exact explicit analytical solutions of dark~gray and black! solitons to the quintic nonlinear Schro¨dinger
equation that includes the first high order nonlinear saturable term are presented. The dark solitons in the
weakly saturable self-defocusing media are shown to be stable to a small perturbation~noncollision type! and,
as in the case of a Kerr nonlinearity, the two black solitons launched in parallel repel with propagation
distance. However, when the two dark solitons are launched towards each other in tilted angles heading for a
collision, the solitons in the saturable nonlinear media could not survive through a collision above a critical
background intensity~although they survive below that critical intensity value!. This is in contrast to the Kerr
law nonlinearity.@S1063-651X~96!00812-4#

PACS number~s!: 42.81.Dp
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The propagation of a soliton in an optical fiber or in
uniform nonlinear medium is governed by the nonline
Schrödinger equation. For Kerr law nonlinearity, this go
erning equation of the cubic nonlinear Schro¨dinger equation
is completely integrable and its soliton solutions could
derived by the inverse scattering method@1,2#. In most non-
linear media, there usually exists a certain amount of non
ear saturation@3–7#. In solid state materials, such as an o
tical fiber, the nonlinear saturation involved is weak. A pu
or wave evolution in such weakly saturable nonlinear me
can well be described by the quintic nonlinear Schro¨dinger
equation where the first higher order nonlinear satura
term is included to account for the effect@7–14#. With inclu-
sion of this nonlinear saturation, the integrability of the sy
tem is then lost and the governing model of the nonlin
Schrödinger equation becomes nonintegrable, in the sens
the inverse scattering transform@1#.

Although being nonintegrable, we will show that the
exist the exact analytical dark~black and gray! soliton solu-
tions to the quintic nonlinear Schro¨dinger equation which
explicitly reveal the effect of nonlinear saturation on t
propagation of the dark solitons in a practical nonlinear m
dium. This is in contrast to highly saturable nonlineariti
where the exact soliton solutions to nonlinear Schro¨dinger
equations require a numerical approach@15–17#. Further-
more, the dark solitons in the presence of the weak nonlin
saturation are found to be stable to small~noncollision type!
perturbations and the two black solitons launched in para
will repel with propagation distance, similar to those in t
Kerr law nonlinear medium@1,18#. When a collision is in-
volved, however, the difference between the Kerr nonline
ity and the saturable nonlinearity emerges. The two d
solitons in the weakly saturable nonlinear media, launche
tilted angles heading for collision, cannot survive through
collision for the background intensity above a critical val
although they recover themselves after the collision when
background intensity is below the critical value. The
propagation and collision characteristics of the dark solit
in the saturable nonlinear medium should be useful in p
viding a guideline for the system design in device appli
tions using dark solitons@19–22#.
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The quintic nonlinear Schro¨dinger equation governing a
pulse or wave evolution in an optical fiber operating in t
normal dispersion regime or in a self-defocusing unifo
medium for weakly saturable nonlinearity can be written in
dimensionless form

i
]u

]j
2
1

2

]2u

]T2
1uuu2u2n4uuu4u50, ~1!

where in the context of a pulse@2# u is the normalized en-
velope function of the electrical field,T is the normalized
time related to the real timet by T5(t2z/vg)/t0 with vg the
group velocity, andt0 a measurement of the pulse width,j is
the normalized distance andn4.0 measures nonlinear satu
ration.

To derive solutions of Eq.~1!, we write u(T,j) in the
form of u(T,j)5As(T2hj)exp@iu(T2hj)1ibj# which
upon substitution into Eq.~1! leads to the two coupled equa
tions governing the real variabless~t! and u~t! with t5T
2hj

hu8s22bs22s9s/41s82/81~u8s!2/21s350,
~2a!

hs81u8s81u9s50, ~2b!

where the prime indicates derivative with respect tot. In
general, the solutions to Eq.~2! are periodic functions ex-
pressible in terms of Jacobian elliptical functions@9#. Here,
we are interested in the soliton solutions, which can be
rived by integrating Eq.~2! with boundary conditions
s8~`!50 ands~`!5s0 to lead to

u~T,j!5F as0

124n4~s11s0!/3
G1/2

3
n tanh@As0n~ t2As0mj!#2 im/a

A11a3 sech
2@As0n~ t2As0mj!#

3exp@ is0~12n4s0!j#, ~3!
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where a5[122n4(s112s0)/3]/[122n4(s1/31s0)], a3
5n4(s02s1)/(2n4s012n4s123/2), s0 is the maximum
or background intensity, s1 is the minimum
intensity, m5A(s1 /s0)@122n4(s112s0)/3#, and n
5A(12s1 /s0)@122n4(s1/31s0)# measures the graynes
of gray solitons withs150 corresponding to the black sol
ton ands15s0 to the plane wave solution. These dark so
ton solutions of~3! in the saturable nonlinear media redu
to their counterpart for the Kerr law nonlinearity derived
the inverse scattering method@1# when settingn450 with no
nonlinear saturation. For a nonzeron4, Eq. ~3! indicates that
the soliton parameters, including the~normalized! width
1/(As0n) and velocity ~or steering angle! 1/h51/(As0m)
51/As1@122n4(s112s0)/3#, are all dependent on nonlin
ear saturation. The soliton width 1/(As0n) increases with
increasingn4 and is larger than the corresponding one of
Kerr nonlinearity for a fixed minimum intensitys1. This
means nonlinear saturation tends to expand the soliton w
Similarly, the velocity of the gray solitons increases w
increasing saturation and it is larger than that of Kerr l
nonlinearity as 1/(As0m)51/As1@122n4(s112s0)/3#
.1/As1. Note here thatm21n2Þ1 in contrast to that in the
Kerr law nonlinearity for whichm21n251. Also it is clear
from Eq. ~3! that the dark soliton solutions exist in the sat
rable medium only for intensities 2n4~2s01s1!/3,1 below

FIG. 1. Demonstration of stable evolution of dark solitons
n4s050.4 for ~a! the black soliton and~b! gray soliton of
~s1/s0!

1/250.3, and atn4s050.45 for ~c! the black soliton and~d!
gray soliton of ~s1/s0!

1/250.3 in quintic nonlinear media, wher
X5(s0)

1/2T andz5s0j.
e

th.

the value 2n4s051 at which the self-phase modulation or th
induced refractive index change reaches the maximum.

So far as the stationary solutions are concerned, the d
solitons in weakly saturable nonlinear media exhibit quali
tively the same characters as those in the Kerr law nonlin
media~i.e., no extra soliton solutions are introduced due
the nonlinear saturation!, although quantitatively they differ
in width, amplitude, and velocity for fixed intensities. The
do they still share similar characters when stability is
volved? To address this question, we conduct the stab
analysis on the dark soliton solutions of Eq.~3!. The stability
analyses„employed in Ref.@23# for analyzing the stability of
~311!D and ~211!D dark solitons in the Kerr nonlinearity…
applied to the dark soliton solutions of Eq.~3! reveal that
these dark solitons are stable to small perturbations~noncol-
lision type!. Some stable evolutions of the dark solitons
Eq. ~3! atn4s050.4 and 0.45 from numerical simulations a
illustrated in Fig. 1 where perturbationsdu5u2ustationary
50.2As0 sech@4As0n(t21.5)# initially implanted are radi-
ated, leading to the stationary propagations.

It is known that in Kerr law nonlinear media the tw
black solitons launched in parallel will repel@Fig. 2~a!#. Our
numerical simulations show that the two black solitons in
saturable nonlinear media launched in parallel will repel
for all the values ofn4s0 @,0.5, below which the solutions
of Eq. ~3! exist#. This is shown in Figs. 2~b! and 2~c! for
n4s050.2 and 0.4. With increasingn4s0, the repelling force
between the solitons increases and the separation betw
the two solitons with the propagation distance becomes
for a fixed initial separation, i.e., the two solitons in th
saturable media separate at a rate faster than their counte
in Kerr nonlinear media. The origin of this increasing for
of repelling with increasingn4s0 for a fixed initial separation
arises from a widened width with increasingn4s0. Increas-
ing in width effectively reduces the ratio of initial separatio
to the soliton width, leading to an augmentation of repelli
force which increases with a decreasing ratio of initial se
ration to the soliton width.

Having discussed the effect of small perturbations on
propagation of the dark solitons, we now consider the sta

t

FIG. 2. Demonstration of repelling of the two black solitons
quintic nonlinear media launched in parallel with propagation d
tance for~a! n4s050, ~b! n4s050.2, and~c! n4s050.4.
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ity of the dark solitons to big~collision type! perturbations.
From numerical experiments we find that the two black s
tons in the saturable nonlinear media, launched in til
angles heading for collision, can emerge through collis
when the background intensity is lower thann4s0,0.38@see
Fig. 3~b! for n4s050.3!. This again is similar to the Kerr law
nonlinearity as shown in Fig. 3~a!. However, when
n4s0>0.38 the two black solitons, launched in tilted ang
heading for collision, could not survive through a collisio
@see Fig. 3~c! for n4s050.4#. Collision of the two solitons
results in radiation. This contrasts with the Kerr law nonl
earity @Fig. 3~a!#. Similar phenomena are observed for gr
solitons. For gray solitons the critical valuesn4s0, above
which collision of the two solitons leads to radiation, va
with s1/s0 and these critical values are all higher th
n4s050.38 for the black soliton. The worst affected case
nonlinear saturation is the gray solitons aroundAs1 /s0
50.3, for which the critical value for radiation resulting fro
collision has the smallest valuen4s050.47. This implies that
gray solitons are less affected by nonlinear saturation t
the black soliton. The reason for radiation or recovery a
collision of the two dark solitons above or below a critic
valuen4s0 results from integrability. With a smalln4s0, Eq.
~1! is quasi-integrable and thus two solitons could surv
through collision. Whenn4s0 is greater than the critica
value~which is 0.38 for the black soliton!, the integrability is
completely lost, leading to a breakdown of the soliton pro
gation after collision.

Here, it should be mentioned that for a large value ofn4s0
~with s05max$uuu2%!, the quintic nonlinearity employed in
the analysis becomes less accurate in approximating a
saturable nonlinearity since higher order saturation te
take effect. For example, expanding the fully saturable n
linearity uuu2(11n4uuu2/3)/(112n4uuu2/3)2, we have@24#

uuu2~11n4uuu2/3!

~112n4uuu2/3!2
5uuu22n4uuu41~8/9!n4

2uuu6.... ~4!

FIG. 3. Collision of the two black solitons launched in tilte
angles heading for collision in quintic nonlinear media where~a!
n4s050, ~b! n4s050.3, and~c! n4s050.4.
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By keeping the first two terms in the expansion, the fu
saturable nonlinearity reduces to the quintic nonlinearity. F
a smalln4s0 ~with s0 the peak intensity!, the propagation
characteristic of the solitons in quintic nonlinear media@e.g.,
Fig. 3~b!# is ~nearly! identical to that in a fully saturable
nonlinear medium as shown in Fig. 4~a! for propagation of
two solitons in collision atn4s050.3. For a largern4s0, a big
quantitative difference occurs. For example, wh
n4s0.0.38, collision of two solitons in quintic nonlinear me
dia leads to radiation. For a fully saturable nonlinear m
dium, the collision of the two solitons also leads to radiati
at a largen4s0, but this does not occur around a critic
value. Rather the amount of radiation from collision i
creases slowly with increasingn4s0. At n4s053, the radia-
tion from collision reaches considerable amount as show
Fig. 4~b!. These indicate that the propagation and collisi
characteristics illustrated in the figures for a weak nonlin
saturation are expected in a full saturable nonlinear medi
although quantitatively different.

In summary, we present exact explicit analytical solutio
of the dark solitons to the quintic nonlinear Schro¨dinger
equation that includes the first higher order nonlinear sa
rable term. The dark solitons in the weakly saturable s
defocusing nonlinear media are shown to be stable to a s
perturbation and as in the case of the Kerr nonlinearity
two black solitons launched in parallel repel with the prop
gation distance. On the other hand, when the two dark s
tons are launched towards each other in tilted angles hea
for a collision the solitons in the saturable nonlinear me
could not survive through collision above a critical bac
ground intensity~although they survive below that critica
intensity value!. This is in contrast to Kerr law nonlinearity

The Optical Sciences Centre is a member of the Aus
lian Photonics Research Centre and the author is gratefu
the financial support of the Australian Research Council.

FIG. 4. Collision of the two black solitons launched in tilte
angles heading for collision in fully saturable nonlinear media
Eq. ~4!, where~a! n4s050.3 and~b! n4s053.



p

A

J.

S

t.

ex-

ro-
in
ible

in,

rl,

rity
oxi-
so-

s
nly

1224 55BRIEF REPORTS
@1# V. E. Zakharov and A. B. Shabat, Zh. Eksp. Teor. Fiz.61, 118
~1971!; 64, 1627 ~1973! @Sov. Phys. JETP34, 62 ~1972!; 37,
823 ~1973!#.

@2# A. Hasegawa and F. Tappert, Appl. Phys. Lett.23, 171~1973!.
@3# P. Roussignol, D. Ricard, J. Lukasik, and C. Flytzanis, J. O

Soc. Am. B4, 5 ~1987!.
@4# J. Coutaz and M. Kull, J. Opt. Soc. Am. B8, 95 ~1991!.
@5# M. A. Kramer, W. R. Tompkin, and R. W. Boyd, Phys. Rev.

34, 2026~1986!.
@6# R. A. Betts, T. Tjugiarto, Y. L. Xue, and P. L. Chu, IEEE

Quantum Electron.27, 908 ~1991!.
@7# B. L. Lawrence, M. Cha, W. E. Torruellas, G. I. Stegeman,

Etemad, G. Baker, and F. Kajzar, Appl. Phys. Lett.64, 2773
~1994!.

@8# L. G. Bol’shinskii and A. I. Lomtev, Zh. Tekh. Fiz.56, 817
~1986! @Sov. Phys. Tech. Phys.31, 499 ~1986!#.

@9# L. Gagnon, J. Opt. Soc. Am. A6, 1477~1989!.
@10# D. Mihalache, D. Mazilu, M. Bertolotti, and C. Sibilia, J. Op

Soc. Am. B5, 565 ~1988!.
@11# V. E. Wood, E. D. Evans, and R. P. Kenan, Opt. Commun.69,

156 ~1988!.
@12# C. Zhou, X. T. He, and S. Chen, Phys. Rev. A46, 2277~1992!.
@13# K. Hayata and M. Koshiba, Phys. Rev. E51, 1499~1995!.
@14# J. Herrmann. Opt. Commun.91, 337 ~1992!.
@15# S. Gatz and J. Herrmann, J. Opt. Soc. Am. B8, 2296~1991!.
@16# Y. Chen, Phys. Rev. A45, 5215~1992!.
t.

.

@17# W. Krolikowski and B. Luther-Davies, Opt. Lett.17, 1414
~1992!; 18, 188 ~1993!. The solutions to the nonlinear Schro¨-
dinger equation for arbitrary saturable nonlinearity can be
pressed in integral form as shown in Ref.@16#. For the specific
saturable nonlinearity considered in the above papers by K
likowski and Luther-Davies the integral can be evaluated
elementary functions, but the final solutions are express
only in implicit form.

@18# K. J. Blow and N. J. Doran, Phys. Lett.107A, 55 ~1985!.
@19# G. A. Swartzlander, Jr., D. R. Andersen, J. J. Regan, H. Y

and A. E. Kaplan, Phys. Rev. Lett.66, 1583~1991!.
@20# G. R. Allan, S. R. Skinner, D. R. Andersen, and A. L. Smi

Opt. Lett.16, 156 ~1991!.
@21# B. Luther-Davies and X. Yang, Opt. Lett.17, 496 ~1992!.
@22# B. Luther-Davies and X. Yang, Opt. Lett.17, 1756~1992!.
@23# Y. Chen and J. Atai, Opt. Lett.20, 133 ~1995!.
@24# Here the saturation model of Eq.~4! rather than a two-level

saturable nonlinearity or an exponential saturable nonlinea
is used as a full saturation model in expansion to be appr
mated by the quintic nonlinearity because the dark soliton
lutions to the full saturable nonlinearity of Eq.~4! can be ex-
pressed implicitly in elementary functions~and thus it is
somewhat convenient to tackle in numerical calculation!,
whereas those to the other full saturable nonlinearities can o
be expressed in integral form.


